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To study noncommutativity properties of the open string with constant B-field we construct a
mechanical action which reproduces classical dynamics of the string sector under consideration.
It allows one to apply the Dirac quantization procedure for constrained systems in a direct and
unambiguous way. The mechanical action turns out to be the first order system without taking the
strong field limit B −→ ∞. In particular, it is true for zero mode of the string coordinate which
means that the noncommutativity is intrinsic property of this mechanical system. We describe the
arbitrariness in the relation existent between the mechanical and the string variables and show that
noncommutativity of the string variables on the boundary can be removed. It is in correspondence
with the result of Seiberg and Witten on relation among noncommutative and ordinary Yang-Mills
theories. The recently developed soldering formalism helps us to establish a connection between the
original open string action and the Polyakov action.
PACS numbers: 11.15.-q;04.60.Ds;11.30.Rd;11.25.-w
I. INTRODUCTION
Noncommutative Yang-Mills theory arises in a definite
limit of string theory [1]. It has been extracted by Seiberg
and Witten [2] starting from the open string in the pres-
ence of a B-field [3-9], with the action for the correspond-
ing sector being [2]
S = − 1
4πα′
∫
d2σ
[
∂ax
i∂ax
i + 2πα′ǫab∂ax
i∂bx
jBij
]
,(1)
where we adopted Euclidean metrics both on the world
sheet and in spacetime. An extremum of the action is
supplied by
(∂2τ − ∂2σ)xi = 0, (2)
{∂σxi + 2πα′∂τxjBji} |σ=piσ=0= 0. (3)
∗E-mail: alexei.deriglazov@ufjf.edu.br
†E-mail: cneves@fisica.ufjf.br
‡E-mail: wilson@fisica.ufjf.br
§E-mail: evertonabreu@ufrrj.br
¶E-mail: clovis@if.ufrj.br
Open string propagator with the boundary conditions
(3) contains an antisymmetric matrix [3, 6], which gives
rise to noncommutativity of the string coordinate on the
boundaries [2, 7]. It was suggested [8, 9, 10, 11] that
the noncommutative geometry can be reproduced in the
elementary framework of constrained systems as a result
of the Hamiltonian quantization of the system (2), (3),
by analogy with the noncommutativity arising for coor-
dinates of a charged particle in the lowest Landau level
[13, 14, 15]. To achieve this, there were proposed rather
radical modifications [8, 11] of the Dirac procedure for
constrained systems. There is some discrepancy among
the results obtained in different approaches, which was
discussed in [8, 9, 10, 11, 12, 16, 17]. Let us talk about
these issues for a while in order to put our work in a
perspective.
In [8] the authors analyze the connection among the
various appearances of noncommutativity in string the-
ory, M -theory and M(atrix) model. The work relates
the noncommutativity in M(atrix) compactification to a
phenomenon of noncommutativity of space due to mixed
boundary conditions in string theory (see [8] and refer-
ences therein). It was shown that the noncommutativ-
ity of the canonical commutation relations of the space
coordinates of the mixed membrane reflects the zero
2brane distribution inside the D-membrane and therefore
is closely related to the noncommutativity of theD-brane
dynamics. The presence of a Kalb-Ramond field requires
the consideration of wrapping the mixed branes over a
torus in order to recover the noncommutativity of the
torus of the M(atrix) model compactification. The T -
duality helps obtaining the mass spectrum of the open
strings compactified on a noncommutative torus.
The generalization for the case of a D-string on a
torus in a non-zero Bµν background field, i.e., a mov-
ing D-string which has a non-zero electric field was ob-
tained in [9] using a Dirac-Born-Infeld action in a B field
background which gives the dynamics of D-strings. The
Hamiltonian formulation helps in the construction of the
mass spectrum of the membrane and the in full BPS spec-
trum. It was shown that the noncommutativity of brane
coordinates come about naturally in the formulation of
open strings in the backgroundB field, as well as the non-
commutativity of the torus. The C∗-algebra of functions
on the noncommutative torus was constructed using the
noncommutative open string position operators.
In both papers above it was shown that noncommu-
tativity can be derived within the string theory by em-
bedding branes with Bij background field on the com-
pactification torus. In [10] the authors used the basic
principles of Dirac quantization in order to discuss the
noncommutativity of the internal coordinates of branes.
It was shown that the noncommutativity of the coordi-
nates of the open string-brane system is intrinsic, namely,
there is no gauge in which the noncommutativity can be
removed. There are alterations in the noncommutativity
of the system since the gauge keeps changing, but it never
disappear. And the position of noncommutativity is al-
ways on the brane. In this work [10] the mixed bound-
ary conditions were treated as the Dirac constraints and
the quantization was obtained through the Dirac method
without mode expansions.
On the other hand, in [11], the mixed boundary condi-
tions make the canonical quantization of the theory non-
trivial. An inconsistency was obtained when standard
commutation relations were imposed. This inconsistency
was removed through the relaxation of the commutativ-
ity of the space coordinates of the open strings along
the direction of the brane described by mixed boundary
conditions. The analysis was based on a time averaged
symplectic form. The conclusion was that mixed open
strings are noncommutative only at the end, where open
strings are attached to the brane, and the center of mass
coordinates are commuting. Moreover, the noncommu-
tative end coordinates lead to the conclusion that the
D-brane world-volume is a noncommutative space. And
the D-brane world volume does not need to be a compact
space in order to have noncommutativity. The quantiza-
tion method used in [11] was based on the string mode
expansion.
In the paper [12] the authors obtained the same re-
sult as before in [11] although using the Dirac con-
strained quantization method. The constraints are also
the boundary conditions of the open string ending on a
D-brane. The appearance of an ambiguity during the
quantization process justifies the use of a lattice regular-
ization by replacing the interval [0, π] by a lattice of N
equidistant points with spacing ǫ = π/N . The conclu-
sion is that a D-brane in the B field background has a
noncommutative world volume in the sense that its world
volume theory is the supersymmetric Yang-Mills theory
living on a noncommutative space. The authors proposed
that the arbitrariness of the regularization can lead to
different results in the literature. Therefore, trying to
make a comparison, we can say that in [10] the non-
trivial boundary condition in the presence of the B-field
modify the canonical commutation relations and leads to
noncommutativity on D-brane world volume. In [12] the
authors examine the symplectic form obtained in terms
of the mode expansion of the classical solutions. The de-
tail that characterizes the difference between both works
is the fact that the canonical Hamiltonian, instead of the
primary Hamiltonian, has been used in the stability con-
dition of the primary constraint, which is different from
the usual Dirac quantization formalism.
To understand the dynamics of D-brane with a B-
field, the author in [16] used the canonical quantization.
With background field B one can obtain a mixed bound-
ary condition, which generates an infinite number of sec-
ondary second-class constraints. These constraints were
solved explicitly in [16] in order to obtain a simple Hamil-
tonian for the open string in the D-brane background.
The Hamiltonian found was a free Hamiltonian for an
open string in spacetime.
Finally, in [17] the Dirac constraint quantization of the
brane on the constant antisymmetric backgrounds was
reconsidered to obtain consistent noncommutative com-
mutators of the canonical variables including momenta.
The main difference between [10, 12] and [17] is the choice
of the nonvanishing multiplier in the primary Hamilto-
nian. The results disclose no secondary constraints and
the single primary constraint itself forms the second class
constraint algebra. The final result show several kinds of
interesting commutators and expected noncommutative
coordinates.
The aim of our work is to quantize the system (2),
(3) following the standard methods [18, 19] without any
modifications. Canonical analysis of this system presents
a problem since the Dirac procedure is initially formu-
lated for the mechanical system (and then can be general-
ized for a field with vanishing boundary conditions). Ap-
plication of the Dirac formalism to a field with nontriv-
ial boundary conditions on a compact manifold requires
more careful analysis (see [20] for the open string with
the Neumann boundary conditions). Consistent treat-
ment of such a system implies necessity to represent the
initial dynamics in terms of a mechanical system. Thus
we first rewrite Eqs. (2), (3) in the form of equations of
motion for mechanical variables cn(τ), n ∈ Z, and then
restore the mechanical action which reproduces this dy-
3namics. After that, the Dirac procedure can be applied
to the mechanical system in a direct and unambiguous
way. In particular, δ-function regularization is not nec-
essary in this case. The last step is to rewrite the results
in terms of the string coordinate xi(τ, σ), which gives
the Hamiltonian formulation associated with the theory
(1)-(3).
Some of the results thus obtained are as follows. The
corresponding mechanical system turns out to be the
first order system without taking the strong field limit
B −→ ∞. Thus, as a consequence of the mixed bound-
ary conditions, dynamics of the mechanical variables is
governed by equations of the first order in time deriva-
tive. In particular, it is true for the zero modes ci0(τ)
of the string coordinate xi(τ, σ). As a consequence, ci0
are canonically conjugated to each other: {ci0, cj0} 6= 0.
It means that the noncommutativity is intrinsic prop-
erty of this mechanical system. Brackets for the string
coordinates turn out to be noncommutative in the bulk
and on the boundary. We study freedom in relation be-
tween the mechanical and the string variables as well as
freedom in choosing brackets which is always present in
the Hamiltonian formalism. This allows one to discuss
to what extent the noncommutativity of the string co-
ordinates can be avoided. We show that the embedding
coordinates of a D-brane can be made commutative, of
course one needs in this case to transform simultaneously
the Hamiltonian of the system. It is in correspondence
with the result of Seiberg and Witten on equivalence of
noncommutative and commutative Yang-Mills fields.
This paper is organized in the following manner: in
section 2 we present a solution for the problem (2) and
(3) with our mechanical variables and consequently the
equations of motion. In section 3 we apply directly the
Dirac algorithm to the action obtained in section 2. Sec-
ond class constraints are obtained and consequently we
obtain the Dirac brackets for the mechanical variables
and the respective Hamiltonian. In section 4, with the
results obtained in the previous sections, we construct a
Hamiltonian formulation for the open string with a B-
field and for the coordinates on D-brane. In section 5 we
discuss the freedom in the definition of the phase space
bracket in the Hamiltonian formalism. In section 6 we
accomplish the soldering procedure between different as-
pects of the open string with aB-field. In the final section
we make the conclusions and perspectives.
II. OPEN STRING WITH B-FIELD IN TERMS
OF MECHANICAL VARIABLES
To start with, let us continue xi(σ), σ ∈ [0, π] on the
interval [0, 2π] such that x˜i(σ) = xi(σ) on [0, π], ∂σx˜ |pi=
~∂σx |pi, . . . , and x˜i(2π) = x˜i(0), ~∂σx˜i |2pi=
←
∂ σ x˜
i |0, . . . .
It can be further continued on σ ∈ (−∞,∞) as a periodic
function x˜i(σ + 2πn) = x˜i(σ). As a result, any solution
of the problem (2), (3) can be presented in the form
xi(τ, σ) = ci0(τ) +
∞∑
n=1
1
n
[
cin(τ) cosnσ + c
i
−n(τ) sinnσ
]
,
(4)
where cin(τ), n ∈ Z, are our mechanical variables. Sub-
stitution in Eqs. (2), (3) gives the equations of motion
c¨i0 = 0, c¨
i
n + n
2cin = 0, n 6= 0; (5)
c˙i0 = 0, c˙
j
nBj
i +
n
2πα′
ci−n = 0, n > 0, (6)
from which one finds further consequence
c˙i−n − 2πα′ncjnBji = 0. (7)
Consequently, the complete dynamics can be rewritten
in the equivalent form as
c˙i0 = 0,
c˙jnBj
i +
n
2πα′
ci−n = 0,
c˙i−n − 2πα′ncjnBji = 0, n > 0, (8)
which consist of equations of the first order only. Eq. (8)
follows from the first order action
Sf =
∫
dτ
[
1
2
c˙i0Bijc
j
0 +
∞∑
n=1
fn
(
πα′c˙inBijc
j
n−
1
4πα′
c˙i−nB
−1
ij c
j
−n + nc
i
−nc
i
n
)]
, (9)
where fn 6= 0, n > 0 are real numbers. While they can
be removed by shift of the variables cn, it is convenient
to keep them in the action. Starting from any particular
Sf , the variables cn can be taken as the ones which gen-
erate the string coordinate (4), the latter will not depend
on fn. At the same time, brackets of cn and the Hamil-
tonian Hf will depend on fn, so there is appear natural
arbitrariness in the induced bracket for xi(τ, σ). Choice
of some particular form of the bracket implies that the
corresponding Hamiltonian Hf must be associated with
the Lagrangian formulation (1)-(3).
Other possibility is to take as independent the equa-
tions (5),(6) with n > 0. Then the action can be chosen
in the second order form
S =
∫
dτ
[
1
2
c˙0Bc0 +
∞∑
n=1
1
2
c˙nc˙n − n
2
2
cncn
+ (c˙nB +
n
2πα′c−n)λn
]
. (10)
It looks less natural since it involves the Lagrangian mul-
tipliers λn.
4III. HAMILTONIAN ANALYSIS OF THE
MECHANICAL ACTION
Direct application of the Dirac algorithm to the action
(9), gives us the primary second class constraints
G0i ≡ p0i − 1
2
Bijc
j
0
= 0,
Gni ≡ pni − πα′fnBijcjn = 0,
G−ni ≡ p−ni + fn
4πα′
B−1ij c
j
−n = 0. (11)
Their Poisson brackets are
{G0i, G0j} = −Bij ,
{Gni, Gmj} = −2πα′fnBijδn−m,0,
{G−ni, G−mj} = fn
2πα′
B−1ij δn−m,0, (12)
and the corresponding Hamiltonian is
H =
∞∑
n=1
−fnnc−ncn + λ0(p0 − 1
2
Bc0) +
λn(pn − πα′fnBcn) + λ−n(p−n + fn
4πα′
B−1c−n) .
(13)
There are no secondary constraints in the problem. From
the consistency conditions that constraints do not evolve
in time, G˙ = 0, one obtains expressions for the La-
grangian multipliers
λ0 = 0, λn = − n
2πα′
c−nB
−1, λ−n = 2πα
′ncnB .
(14)
To take into account the second class constraints (11) one
introduces the Dirac bracket
{K,P}D = {K,P}+ {K,G0i}(B−1)ij{G0j , P}+
∞∑
n=1
{K,Gni} 1
2πα′fn
(B−1)ij{Gnj, P} −
{K,G−ni}2πα
′
fn
Bij{G−nj , P}. (15)
After that, the variables pin can be omitted from consid-
eration. The resulting Hamiltonian formulation for (9)
consist of the physical variables cin with the Dirac brack-
ets
{ci0, cj0}D = −(B−1)ij ,
{cin, cjm}D = −
1
2πα′fn
(B−1)ijδn−m,0,
{ci−n, cj−m}D =
2πα′
fn
Bijδn−m,0, n,m > 0, (16)
whose dynamics is governed now by the Hamiltonian
H = −
∞∑
n=1
fnnc
i
−nc
i
n. (17)
As it should be for the first order system, the Hamiltonian
equations of motion which follow from (16), (17) are the
equations (8). Note also that the variables cin with n fixed
are canonically conjugated to each other. The equations
(8) for the physical variables can be solved now in terms
of oscillators
cin(τ) = α
i
ne
inτ + αi−ne
−inτ ,
ci−n(τ) = −2iπα′αinBeinτ + 2iπα′αi−nBe−inτ ,
αin
∗
= αi−n. (18)
From Eq. (16) one finds their brackets
{ci0, cj0}D = −(B−1)ij , (19)
{αin, αjm}D = −
1
4πα′f|n|
(B−1)ijδn+m,0, n,m 6= 0,
while the Hamiltonian (17) acquires the form
Hf = 4iπα
′
∞∑
n=1
fnnα
i
nBijα
j
−n. (20)
It is worth noting that this procedure, being applied to
the open string with the Neumann boundary conditions,
leads to the standard results [21, 22].
IV. HAMILTONIAN FORMULATION FOR THE
OPEN STRING WITH A B-FIELD
By using of Eqs. (4), (18) we restore the string coor-
dinate xi(τ, σ) in terms of oscillators
xi(τ, σ) = ci0 +
∑
n6=0
einτ
| n |
(
αin cosnσ − 2iπα′αjnBji sinnσ
)
(21)
Thus, with the system (1)-(3) one associates the Hamilto-
nian formulation which includes the variables ci0, α
i
n, n 6=
0 with the brackets (19) and the Hamiltonian (20). As
a consequence of Eqs. (19), (21) the induced bracket of
the string coordinates turns out to be noncommutative
in the bulk and on the boundary
{xi(τ, σ), xj(τ, σ′}D (22)
= −(B−1)ij −
∞∑
n=1
1
n2fn
(
1
2πα′
(B1)ij × cosnσ cosnσ′
− 2πα′Bij × sinnσ sinn σ′
)
.
In particular, the coordinates on D-brane obey
{xi(τ, 0), xj(τ, 0}D = {xi(τ, π), xj(τ, π}D (23)
= −
(
1 +
1
2πα′
∞∑
n=1
1
n2fn
)
(B−1)ij .
It is interesting to note that the standard normalization
fn ∼ 1n of the oscillator brackets (19) implies that one
5needs to use some regularization for Eq. (23). For the
choice fn = − pi12α′ the D-brane plane becomes commu-
tative, and the Hamiltonian in this case is
H = − iπ
2
3
∞∑
n=1
αinBijα
j
−n. (24)
V. D-BRANE
Finally, let us discuss freedom in definition of phase
space bracket in the Hamiltonian formalism. Transi-
tion from configuration to phase space description is not
unique procedure since one needs to define simultane-
ously the bracket and the Hamiltonian. One possibil-
ity is to start from the Poisson bracket, then exact ex-
pression for the Hamiltonian is known for a general case
[19, 23][16, 20]. According to the Darboux theorem, one
can equally take as the starting point any nondegener-
ate closed two-form and then try to define a Hamiltonian
from the condition that corresponding equations of mo-
tion are equivalent to the initial ones. Turning to our case
(16), (17) it will be sufficiently to consider the brackets
{ci0, cj0}D = −Eij ,
{cin, cjm}D = −
1
2πα′fn
Aijδn−m,0, n,m > 0, (25)
with some antisymmetric nondegenerate constant matri-
ces E and A. From the condition that the dynamics (8)
is reproduced in this formulation one finds
{ci−n, cj−m}D =
2πα′
fn
(AB2)ijδn−m,0,
H = −
∞∑
n=1
fnnc−n(AB)
−1cn. (26)
One can take Eqs. (25), (26) instead of Eqs. (16), (17)
as the Hamiltonian formulation corresponding to the sys-
tem (9). Repeating the previous analysis, one finds the
same expression (19) for the string coordinate in terms
of oscillators which obey
{ci0, cj0}D = −Eij ,
{αin, αjm}D = −
1
8πα′f|n|
(
A− sgn(nm)B−1AB)ij
×δ|n|−|m|,0, n,m 6= 0 . (27)
The quantities fn, E, A can be chosen in such a way
that the noncommutativity parameter on D-brane ac-
quires exactly the same form as it was obtained from
the disk propagator [2]. Namely, for the choice
fn =
π2
3(2πα′)3
,
E =
(2πα′)2
2
A,
A =
(
1 + (2πα′)2B2
)−1
B, (28)
one obtains the following Hamiltonian formulation for the
system (1)-(3)
H =
iπ2
3(2πα′)2
∞∑
n=1
nαnB
−1
(
1 + (2πα′)2B2
)
α−n,
{ci0, cj0}D = −
(2πα′)2
2
[(
1 + (2πα′)2B2
)−1
B
]ij
,
{αin, αjm}D = −
3(2πα′)2
2π2
[(
1 + (2πα′)2B2
)−1
B
]ij
×δn+m,0, n,m 6= 0, (29)
which gives for the coordinates on D-brane the desired
expression
{xi, xj}D = −(2πα′)2(1− 2iπα′B)−1B(1 + 2iπα′B)−1.
(30)
VI. SOLDERING OF OPEN STRINGS WITH
THE PRESENCE OF A B-FIELD
The soldering formalism [24, 25], is an iterative method
that permits us to construct an effective action invariant
under a specific gauge symmetry disclosing interesting
physical features analogous to the interference phenom-
ena. The method uses primarily the Noether gauging
procedure that helps us to fuse together the variables
representing the different aspects of a theory. It works
by elevating a global symmetry to a local form thanks
to a mutual cancelation of the obstruction to gauge sym-
metry of the individual components. It is the gauge field
introduced in the process the agent responsible for this
new symmetry and may be eliminated after the gauging
is complete. In this Letter we will explore just the main
steps of the method. For a detailed reading, see [27].
The soldering formalism is the well suited algorithm
for fusing together opposite aspects of a global symme-
try, such as the right and left propagating modes of chiral
bosons to name just one application. However, the non-
linear feature of the action (1) can make us to face new
difficulties. The idea is to combine two different models
in order to obtain a single composite model. The final re-
sult reflects a direct connection between the old and the
new theories. The soldering formalism accomplish this
mission for theories which manifest dual aspects of some
symmetry, such as chirality, self-duality [28], noncommu-
tativity [26, 30], etc. The final result, i.e., the soldered
action, hides the mentioned symmetry in a interesting
way such that it brings new informations about both the-
ories, the old and the new ones. It can be demonstrated
that the soldering and the canonical transformation pro-
cedures have a strict relation of complementarity [29].
In order to establish these interesting connections be-
tween the so-called parent and daughter actions [26] in
an open string theory, let us write two different aspects
of the action (1), i.e.,
Lxk1 = ∂axi∂axi + 2π k1 α′ǫab∂axi∂bxjBij (31)
Lyk2 = ∂ayi∂ayi + 2π k2 α′ǫab∂ayi∂byjBij , (32)
6where k1 and k2 are connected by the relations k1 = k2 =
1 and k1 = −k2 = 1. For simplicity we will work at this
stage with the Lagrangian densities.
The relations show two open strings with equal and op-
posed characteristics respectively. It is clear that the first
relation is the trivial one and must show nothing new.
The relevant one must be the second relation. However,
we will carry both computations to comprove the above
observations.
So, let us gauge the following global symmetry,
l6.1δxi = δyi = σi , (33)
where σi is the gauge parameter. The gauging of the
global parameter σi will be done in the soldering process.
With this symmetry, a simple calculation shows that,
l6.2δLk10 = Jbxj ∂b σj , (34)
where Jbjx is Noether chiral current given by
l6.3Jbxj = 2[∂
b xj + 2 π α
′ k1Bijǫ
ab∂a x
i] (35)
that parameterizes the lack of gauge symmetry of the
original action Lx0 .
The next step is to introduce an auxiliary field that
helps in the gauging procedure. Let us call this field by
Dbi, known as the soldering field. We can now construct
the first-iterated correction of the open string action (1)
as
l6.4Lk10 → Lk11 = Lk10 − Dib Jbxi . (36)
Notice that we are looking for an action which is gauge-
invariant under (7).
The gauge variation of Lx1 is,
l6.5δLk11 = −Dib δJbxi
= −δ(Djb)2 − 4 π α′ k1Bij ǫab (δDia)Djb(37)
where we have chosen δDib = ∂bσ
i to cancel (??) and
used (7) once again.
Again we can construct the second-iterated correction
of the open string action (1) as,
l6.6Lk11 → Lk12 = Lk10 + (Djb)2 (38)
and therefore,
l6.7δLk12 = −4πα′ k1Bijǫab(δDia)Djb (39)
Accomplishing the same procedure for Lk2y we have
that,
l6.8δLk22 = −4πα′ k2BijǫabDia (δDjb) (40)
Because of the antisymmetric characteristic of both
tensors, Bij and ǫij it can be easily demonstrated that,
for k1 = k2 = 1 and k1 = −k2 = 1 we have that,
l6.9Lk1=k2=1final = Lk12 + Lk22 + 4πα′BijǫabDiaDjb
Lk1=−k2=1final = Lk12 + Lk22 . (41)
In both cases we have
l6.10δL2 = 0 , (42)
to finally obtain the desired gauge-invariant action.
In order to be brief, the next step is to eliminate the
auxiliary field Dia through its equations of motion in each
final action above separately, which demands a certain al-
gebra. After that we have to substitute it back in both
actions (??) and finally obtain two effective actions, re-
spectively,
l6.11 Sk1=k2=1eff (43)
= − 1
4πα′
∫
d2σ[
1
2
∂azi ∂azi + π α′Bijǫ
ab ∂az
i ∂bz
j] ,
and
l6.12Sk1=−k2=1eff = −
1
4πα′
∫
d2σ[
1
2
∂azi ∂azi] , (44)
where in both cases we have a compose string coordinate
given by zi = xi − yi.
In the first case, the soldered action (??) shows us
that the fusion (soldering) of two open strings with the
aspects results in another open string. However, we have
a different behavior when both strings have opposite
aspects. The result (??) shows a Polyakov action which
is well known to be equivalent at the classical level to
the Nambu-Goto action. This last result establish a
direct connection between the parent and the daughter
action, i.e., between the open string action and the
Polyakov action. Moreover, we can see clearly that in
the first case, the soldering coupling keeps the magnetic
field Bij . However, in the second case the magnetic field
disappear from the effective action.
The dual projection analysis: Let us analyze the
Polyakov action given by
l6.13S = − 1
4πα′
∫
d2σ
√
ggab∂axµ∂bx
µ , (45)
which is invariant under manifest reparametrization in-
variance
l6.14δxµ = ǫa ∂ax
µ
δgab = ǫc∂cg
ab − bac∂cǫb − gbc∂cǫa
δ
√
g = ∂a(ǫ
a√g) . (46)
We can easily notice that the Polyakov action above re-
sembles an action with scalar fields interacting with an
external two-dimensional gravitational field.
Recently, some of us showed that the dual projection
mechanism [25, 32] disclosed from the scalar model em-
bbeded in a gravitational background, two particles with
no dynamics, well known as notons. The noton field
was introduced by Hull in order to cancel off the Siegel
anomaly [31].
7Having in mind this idea, we can assume that the
Polyakov action has a relation with the noton as,
l6.15S = − 1
4πα′
∫
d2σ [x˙+µx
′µ
+ − η+(x′µ+)2
− x˙−µx′µ− − η−(x′µ−)2](47)
where η± is a function of the metric elements and x
µ
± are
the notons (for more details see [25, 32]). So, we can see
in (??) that the Polyakov action can be perceived as a
combination of two notons. As the soldering formalism
establish a relation between the parent and the daugh-
ter actions we can say from (??) that there is a relation
between the noton field and the open string action.
VII. CONCLUSIONS
In this work we quantized the open string action used
by Seiberg and Witten following precisely the standard
methods. We obtained the equations of motion for the
mechanical variables and wrote the respective action.
The mechanical variables are the ones that can be taken
in order to generate the string coordinate. The equa-
tions of motion permit us to introduce the Lagrangian
multipliers.
The direct application of the Dirac formalism gives us
the primary second-class constraints and consequently
the Poison brackets and the corresponding Hamiltonian.
Since there is no secondary constraints in the problem we
can construct the Dirac brackets for the theory and the
resulting Hamiltonian with the physical variables. We
also constructed a Hamiltonian for the physical variables
written in terms of oscillators. With this relation in terms
of oscillators we restored the string coordinate and com-
puted the Dirac brackets for these coordinates.
Writing the Dirac brackets in terms of antisymmetric
nondegenerate constant matrices we obtained the Hamil-
tonian formulation for the original system (1)-(3). These
matrices can be chosen in such a way that the noncom-
mutativity parameter on D-brane acquires precisely the
same form as it was obtained in [2].
Finally, the soldering formalism permit us to estab-
lish a clear relation between the original system and the
Polyakov action which is equivalent to the Nambu-Goto
theory. The Polyakov action clearly resembles an ac-
tion with scalar fields interacting with an external two-
dimensional gravitational field. This relation bring us
the idea that there must be a kind of noton particle in
the Polyakov formulation since it was demonstrated by
two of us that the noton comprise the spectrum of scalar
fields with gravitational background.
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